Nonlinear deterministic dynamical systems often exhibit complex and chaotic behavior which is difficult to comprehend. Visualizing the characteristics of such systems is therefore essential for an understanding of the underlying dynamics. In this paper concepts for the interactive graphical exploration of analytically defined dynamical systems are discussed. Emphasis is put on interactivity which shall facilitate the investigation and exploration of such systems. The following topics on dynamical systems are treated in more detail: interactive specification, simple and fast graphical representation, and interactive modification. The paper concentrates on 2D and 3D orthographic projections of higher-dimensional phase spaces and on the display of bifurcation diagrams. A prototype software system which incorporates the previously presented ideas is shortly discussed. The software system is intended to offer a quick insight into the dynamics of a dynamical system and to enable fast investigation of variations of a dynamical system. Keywords: dynamical system, interactive analysis, phase space, bifurcation, chaos theory
DYNAMICAL SYSTEMS
A dynamical system is a system that changes over time. Dynamical systems are either conservative (energy preserving) or dissipative (energy consuming). A pendulum without friction is an example of a conservative system whereas a pendulum with friction is a dissipative system. Analytical systems are described by a set of equations that establish interdependencies between so called state variables. State variables characterize a dynamical system and each state variable corresponds to a degree of freedom of the system. 1 The behavior of dynamical systems can be investigated in phase space, where each state variable is assigned to a coordinate axis. A point in phase space completely describes the state of the system at one moment in time. The temporal evolution of a dynamical system produces a trajectory in phase space. The long term behavior of a dissipative system is characterized by a geometric shape in phase space called attractor, e.g., limit point or limit cycle.
Nonlinear dynamical systems are an especially interesting class of dynamical systems. Chaos theory investigates these systems, namely dissipative, nonlinear, deterministic dynamical systems. 2, 3, 4, 5 Nonlinear feedback phenomena often produce chaotic behavior in these deterministic systems. Sensitivity to errors in the initial conditions greatly reduces the predictability of such systems. The long term behavior of chaotic dynamical systems produces shapes in phase space which are, due to their geometrical complexity, called strange attractors.
In the following some properties of strange attractors are shortly addressed. 5 Each attractor has a basin of attraction where each point of this basin is converging to the attractor. Strange attractors exhibit a sensitive dependence on initial conditions. This means that points, which are close together initially, follow vastly differing paths in phase space. Strange attractors usually do have a fractal (non integer) dimension. A typical point on the attractor will visit any other point on the attractor with arbitrary precision and the attractor cannot be split into two independent parts. This property is know as mixing. Often a stretch-and-fold mechanism is at work in chaotic dynamical systems. Portions of phase space are stretched (points close together are moved far apart, error sensitivity) and are later on folded together (mixing).
Continuous dynamical systems are usually defined by a set of differential equations (vector field) whereas discrete dynamical systems are described by a set of difference equations. In the case of discrete dynamical systems we speak of orbits instead of trajectories. Usually the exact solution of a continuous dynamical system can not be determined analytically. Therefore numerical techniques like Euler's method or more accurate Runge-Kutta methods are taken to calculate approximate solutions. 6 Figure 1 gives an example of a continuous dynamical system. The well-known Lorenz equations were derived from weather patterns and have been the first in the literature to describe chaotic behavior in deterministic dynamical systems 7 . Figure 1 also shows a trajectory which approximates the strange attractor of the Lorenz equations in 3D phase space. Figure 2 gives an example of a discrete dynamical system. The logistic equation describes discrete population growth where environmental restrictions produce nonlinear feedback phenomena. The initial portion of an orbit <x 0 , x 1 , x 2 , ...> is given as well. 
In the following we are interested in the interactive graphical exploration of continuous and discrete dynamical systems. The graphical investigation of bifurcations is treated as well. Bifurcation diagrams describe the long term behavior of a whole class of dynamical systems. One parameter of the defining equations is taken as bifurcation parameter and is varied along the horizontal axis (e.g., parameter k of the logistic equation in Figure 2 ). On the vertical axis the long term behavior of one of the state variables of the system is plotted. Varying the bifurcation parameter only slightly might produce vastly differing behavior (periodic attractors with different periodicity or even chaotic attractors).
INTERACTIVE GRAPHICAL ANALYSIS OF DYNAMICAL SYSTEMS
Visualizing the behavior of dynamical systems is crucial for a deeper understanding of the underlying dynamics. Different techniques are already known in the field of fluid dynamics to visualize 2D and 3D dynamical systems. 8, 9, 10, 11, 12 The following sections concentrate on interactive concepts which allow a fast exploration of dynamical systems. Interactivity is intended to provide a quick understanding of the properties of such systems. An analysis thus comprises interactive specification and modification of a dynamical system. In addition graphical representations are required which can be calculated fast enough to allow user steered interactive explorations. Complex visualization techniques 9 are unfortunately too time consuming to be useful in this context.
Interactive specification of dynamical systems
A dynamical system consists of a set of difference or differential equations. A high degree of interactivity in the specification of dynamical systems is achieved by offering the user a two-step approach. In the first step a collection of equations or formulas is defined, edited and modified interactively (see Figure 3 to the left). In the second step some of the equations of the previously defined collection are selected to build up the dynamical system itself (see Figure 3 to the right). Although the collection of equations specified in the first step may contain difference and differential equations simultaneously, a specific dynamical system is made up of either difference or differential equations only. The number of selected equations equals the number of variables and gives the dimensionality of the corresponding phase space. An individual equation may consist of state variables, constants, arithmetic operands and specific functions (e.g., trigonometric, exponential and logarithmic functions). The two-step approach of defining a dynamical system enables easy reusability of already specified equations. Additionally it is very easy to investigate variations of a dynamical system by exchanging only a small subset of the whole set of defining equations. The number and initial positions of trajectories to be used in the graphical representation of the dynamical system should be user defined as well. Thus the user might easily direct the graphical analysis towards those locations of phase space he is especially interested in. Fig. 3 . specification of equations and definition of dynamical systems
Graphical representation of dynamical systems
This section deals with the graphical representation of 2D or 3D projections of higher-dimensional phase spaces and the display of bifurcation diagrams. Given an n-dimensional dynamical system two or three variables are selected for display. The remaining variables are still used for calculation but are not represented geometrically. This approach corresponds to an orthographic projection of the n-dimensional system onto a 2D or 3D sub space of the original phase space. Geometric objects for the display of trajectories or orbits have been chosen to be simple to allow fast and interactive display. Figure 4 shows the representation of a continuous 3D dynamical system. The system is approximated by one or more trajectories. This is sufficient to illustrate the long term behavior, i.e., strange attractor, of chaotic dynamical systems. In such cases almost any trajectory fills the attractor densely and is thus a good representation of the attractor itself. A trajectory is either represented as a point set or a polyline where successive points on a trajectory are connected by line segments.
If more than one trajectory is displayed then color coding is used to assign different colors to different trajectories. Color coding clearly shows the mixing behavior of chaotic systems. Different trajectories converge to and stay on the strange attractor but their movement on the attractor, with respect to each other, is rather erratic and chaotic.
More elaborate geometric primitives include polygons and cubes which connect corresponding positions on several trajectories. This allows, for example, to follow the temporal development of several trajectories with similar initial positions. Trajectories of chaotic systems move apart from each other extremely fast. So connecting trajectories with similar starting positions serves to illustrate only local behavior. The optional display of coordinate axes helps the viewer to identify the relative location of phase space with respect to the current viewing position. Fig. 4 . graphical representation of a continuous 3D dynamical system Figure 5 shows the representation of a discrete 2D dynamical system. Again trajectories (orbits) are displayed as sets of points or polylines. Figure 6 depicts a bifurcation diagram that illustrates the long term behavior of a whole class of discrete dynamical systems. The bifurcation parameter is assigned to the horizontal axis. On the vertical axis an approximation of the long term behavior of one selected variable of the system is displayed as a set of points. This set of points should contain all those values the selected variable takes on in the long run. The set of points is calculated by iterating the difference equations a certain number of times without drawing. This is to ensure, with high probability, that transient behavior which is due to the choice of the initial position of the selected orbit does not show up anymore. To put it another way, the initial portion of an orbit, which might be still far away from the strange attractor, is discarded. After removing the initial portion of an orbit, a certain number n of successive points on the orbit is taken as approximation to the long term behavior of the system. These n not necessarily distinct points are displayed vertically for each value of the bifurcation parameter. Only systems whose long term behavior has periodicity small than or equal to n are represented correctly with this approach. Chaotic systems (e.g., the one in Figure 1 for certain values of the bifurcation parameter k) are nonperiodic in nature and with the above approach only a subset of values possible in the long run are determined. The approximation error, however, is not essential as accuracy is limited by vertical display resolution anyway. Fig. 5 . graphical representation of a discrete 2D dynamical system Fig. 6 . bifurcation diagram, x n +1 = x n ⋅ (1 + k ⋅ (1 − x n )) 1. 9 ≤ k ≤ 3. 0
Interactive modification of dynamical systems
A high degree of interactivity requires that the user can quickly modify viewing parameters as well as parameters concerning the geometric representation of dynamical systems. As in previous sections we treat 3D and 2D phase space display and bifurcation diagrams separately. Figure 7 illustrates the modification possibilities for 3D phase space display. The dialog box in Figure 7 to the left enables the user to adjust viewing parameters as desired. Viewing transformations include rotation around the horizontal and vertical screen axis and around the axis perpendicular to the screen. The directions of rotation are represented as arrows on a sphere in order to convey an intuitive feeling on how these rotations work. Further possible viewing transformations are translation and zoom. Phase-space axes are displayed optionally. The user may not only specify viewing parameters, but the representation of the dynamical system can be modified interactively as well ( Figure 7 to the right). As already mentioned in a previous section only three state variables (each state variable is defined by an equation) can be represented simultaneously. The user may, however, interactively assign state variables to one of the three given coordinate axes. If the dynamical system consists of more than three state variables, i.e., the number of defining equations is larger than three, then selecting three state variables determines the desired type of orthographic projection.
The equations themselves can be modified to enable a fast investigation of variations of a given system. Further parameters that might be specified interactively are: starting positions of trajectories, values of constants which are used in the defining equations, number of points which should be calculated for each trajectory. Furthermore one can switch between different display modes for trajectories (points, lines, polygons, cube). Changing the viewing parameters for the display of bifurcation diagrams is exactly the same as for the display of 2D phase space ( Figure 9 to the left). With bifurcation diagrams the user can specify one state variable together with the corresponding equation of a dynamical system ( Figure 9 to the right). The long term development of this state variable is displayed on the vertical axis as point set whereas a user defined bifurcation parameter (which will usually show up as a constant in the equation of the selected state variable) is varied along the horizontal axis. User defined ranges for the bifurcation parameter and the state variable specify the portion of the bifurcation diagram which shall be displayed. For each value of the bifurcation parameter an orbit is followed through the corresponding dynamical system. The user also defines and modifies interactively the starting position of the orbit (starting value, see Figure 9 to the right), the initial portion of the orbit to be discarded and the number of successive points to be shown (UF/points, see Figure 9 to the right). Fig. 9 . interactive steering for the display of bifurcation diagrams
IMPLEMENTATION
The concepts discussed in the previous sections have been implemented in a prototype software system called WINESA (WINdows Editor for Strange Attractors, MS-Windows application). Figure 10 shows a typical working session of WINESA. Multiple display windows may show different views of the same dynamical system. Furthermore several dynamical systems can be analyzed simultaneously. Control panels for changing viewing and representation parameters are displayed only for the currently active dynamical system. The windows-based approach allows the user to easily organize the workspace according to his needs.
The WINESA menu bar contains six menu items: Attractor, Edit, Formula, Visualize, Window, Help (see Figure  10 ). The menu item Attractor allows to create, open, close, save and modify dynamical systems. With the menu item Edit initial settings, e.g., stepsize for the numerical approximation of trajectories, factors for translation, rotation and zoom, are defined. The menu item Formula enables the specification of a set of equations which is then used in the menu item Attractor to define a dynamical system. Possible operations in the menu item Formula include: loading and saving of sets of equations as well as editing, inserting and deleting single equations. With the menu item Visualize the type of graphical representation is selected. Possible choices are: 3D phase space display, 2D phase space display, bifurcation diagram. After a type of representation has been selected the corresponding control panels for the interactive modification of parameters are accessed by pressing the right mouse button. The menu item Window offers a variety of possibilities to arrange windows and icons (e.g., maximize the active window, restore an iconized window, arrange all open windows so that they are not overlapping). The menu item Help finally provides on-line help.
CONCLUSION
Some ideas for the interactive graphical exploration of dynamical systems have been treated. It turns out that the complex behavior of such systems is easier and faster to understand if the user can define and specify parameters interactively. By getting immediate feedback on his actions the user can perform a quick graphical investigation of complex and chaotic dynamical systems. The interactive modification of, e.g., viewing parameters, allows only rather simple graphical representations of dynamical systems (point sets, line segments). The application of more elaborate visualization techniques in the context of interactive investigations requires further research and will be facilitated by further gains in hardware performance. Fig. 10 . typical working session with WINESA
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